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We introduce a blowing-up of singularities of vector fields associated with 
Newton Polyhedra in the space of the exponents, by means of which we prove a 
generalization of the Hartman-Grobman Theorem, namely: a plane vector field 
possessing characteristic orbits is locally topologically equivalent with its principal 
part, under suitable non-degeneracy hypotheses. Under stronger hypotheses, a 
similar equivalence result is proven between a plane vector field and a single 
quasihomogeneous component of its principal part. The case of second order 
equations is also studied. 0 1990 Academic Press, Inc. 
The determination of the topological class to which a C” vector field 
belongs, in a neighborhood of a singular point, is based upon reduction 
results, which establish the equivalence between the considered vector field 
and a simpler one. The latter may be obtained by means of topological 
methods, namely by a homeomorphism of phase space sending orbits of 
the first field into orbits of the reduced one, or through differentiable 
changes of coordinates. 
An example of the first strategy is the Grobman-Hartman result: let 
x(W) denote the space of C” vector fields on R”; then a hyperbolic vector 
field XE x(W), X(0) = 0 is locally topologically equivalent to its linear part. 
By means of the Center Manifold Theorem one can moreover decouple the 
hyperbolic part of the field, to which the Grobman-Hartman Theorem 
applies, from the non-hyperbolic one. 
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On the other side, namely among the differentiable techniques, one has 
the Normal Form Method which, in the non-trivial cases, i.e. when the 
Grobman-Hartman theorem does not apply, leads to a formal series 
expansion for the reduced field X’ which contains only resonant terms. In 
such non-hyperbolic cases, in order to obtain a topological classification, 
one still would like to find a truncation of the series expansion such that 
the truncated field belongs to the same topological equivalence class as X’. 
Clearly it is important that such a truncation be actually feasible: more 
generally, one ought to be able to prove the sufficiency of a k-jet of a field 
X. We recall that, for XE ~((w”), X(0) = 0, a k-jet j;(X) is sufficient if every 
YEX(R”), Y(O)=0 such that j:(Y)=jt(X) is locally topologically 
equivalent to X. We emphasize that these problems are met not only in 
singularity theory of vector fields, but also in many other branches of 
mathematics, such as Coo map singularities theory [3, 11. 
Takens [12], Arnold [2] and others, at the end of the sixties asked the 
question: does there exist in the space g(n) of germs at the origin of vector 
fields XE x(P), X(0) = 0, a subset A of codimension co with the property 
that VXE~(~)\A one can find a ke N such that it(X) is sufficient? Coun- 
terexamples were then found to this conjecture when n > 4 [ 11, 121. On the 
other hand, if n = 2, F. Dumortier proved the following 
FINITE DETERMINATION THEOREM [ 63. Let J”(2) denote the space of 
co-jets in 0 of plane vector fields X, X(0) = 0. Then J”(2) contains a pro- 
algebraic subset A of co-codimension such that for every XE Y(2) with 
characteristic orbits there exists k E N such that j;(X) is sufficient. 
As an isolated singularity of a vector field without characteristic orbits is 
either a center or a focus (a center-focus in the following), we synthetize the 
conclusion of the previous statement by saying that j:(X) is sufficient 
module center-focus. Analogously we will say that two vector fields X, 
YE x( IL?‘), X(0) = Y(0) = 0 are locally topologically equivalent modulo 
center-focus when either 
(i) X and Y have characteristic orbits and are topologically 
equivalent in a neighborhood of 0 E R*, or 
(ii) X and Y are both center-foci. 
In spite of the clear relevance of Dumortier’s result, the theorem is of an 
existential nature and determines neither the lower order k which guaran- 
tees the sufficiency of the jet, nor a representation of the phase portrait of 
the vector field. In the particular case of a plane vector field with linear 
part i;(X) = x(8/8y), Arrowsmith [4] went beyond such limits, giving an 
explicit finite classification of the singularities of the corresponding vector 
fields. Moreover, this last result suggests that terms of different degree may 
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have the same weight, or be equipollent, in the determination of the 
topological class. 
In this paper we propose a scheme which permits to select, in the formal 
series expansion of a plane vector field X, only those terms which are essen- 
tial and equipollent for the determination of its topological class. This leads 
to the definition of a polynomial vector field: the Principal Part X, of X. 
In the same spirit of Grobman-Hartman Theorem our result can now be 
stated as follows: in a neighborhood of a singular point and under non- 
degeneracy hypotheses to be specified later, a C” plane vector field is 
topologically equivalent to its principal part, modulo center-focus. 
In the proof of the results exposed above, and more generally in the 
study of the singularities of vector fields from the point of view of topologi- 
cal equivalence, the blowing up [6, 2, 121 method plays a central role, in 
a certain sensed establishing a link between local properties of vector fields, 
namely the singularities, and global behaviour. 
When a vector field possesses a non-hyperbolic singularity, one looks for 
a differentiable “change of coordinates” rc, which permits a decomposition 
into simpler ones, by means of a substitution of the singular point with 
another compact set on which the transformed system has only hyperbolic 
singularities. If a single map does not suffice, the procedure is iterated. 
In Section 1 of this paper we illustrate the construction of the iterated 
polar blowing-up and a generalization of it, which permits to determine the 
most suitable coordinate change for the particular vector field considered. 
This quasi-polar blowing-up makes use of a coordinate transformation first 
introduced by Ljapunov [8] and recently used by Sadovskij [lo, 33 in 
order to distinguish between a center and a focus in the Lienard problem. 
In the same order of ideas, namely in trying to find a blowing-up suited 
to the vector field, we introduce, in Section 2, the Newton Polyhedra 
scheme [9]. This has been used to study singularities of many mathemati- 
cal objects [7], in particular singularities of C” functions [3], and we 
translate the results known in that case into corresponding results needed 
for our purposes. The construction of a magnification associated to these 
Newton Polyhedra presents in particular the advantage of avoiding the 
iterative technique of the polar or quasi-polar blowing-up. 
Such a mathematical tool is used to prove, in Section 3, our main result. 
The principal part of a vector field is indeed defined by means of the 
Newton Polyhedron associated to the field; it turns out to be a strong 
generalization of the “truncation to lower order terms.” In this sense our 
result is an extension of the Grobman-Hartman theorem. We require that 
no quasi-homogeneous component X,, c X, of the principal part of the field 
have singularities outside the coordinate axes; this is our generic non- 
degeneracy hypothesis. 
In Section 4 the topological equivalence between a plane vector field and 
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a single quasi-homogeneous component X, c X, is proven, under stronger 
hypotheses, by means of the quasi-polar blowing-up. Moreover, in this case 
we can strengthen our result in the following sense: if the quasi- 
homogeneous component X,, has characteristic orbits or is a focus, then X 
is locally topologically equivalent to X,. The only ambiguous case is there- 
fore when X, is a center. 
Finally, in Section 5 we recover the main result for the degenerate case 
of second order equations. Our topological classification of the singularities 
of these vector fields is in strict analogy with the one obtained by 
Arrowsmith [4, 51; the main difference is in the way chosen to reduce a 
vector field to a simpler expresion. While Arrowsmith makes extensive use 
of the normal form method and then analyzes the phase portrait of the 
reduced field, we emphasize the topological equivalence between the vector 
field and its principal part. 
As a final comment, one might note that such a fact, insuring that one 
can prove the main result even in a degenerate case, suggests the following 
questions. Let Diff,( R2) be the space of germs of diffeomorphisms in 0 E R* 
preserving the origin. Is the non-degeneracy property invariant under the 
action of Diff,,(W2)? If this were not the case, we would look for a coor- 
dinate change, transforming a degenerate principal part into a non- 
degenerate one. More generally, does there exist 4 E Diff,( R2) such that 
XE x( R2), X(0) = 0 is locally topologically equivalent to the principal part 
of the transformed field (4,X),, modulo center-focus? 
1.. BLOWING-UP AND DESINGULARIZATION 
In order to make what follows clearer, we recall in some detail the 
construction of the iterated polar blowing-up for plane vector fields, as 
described in Dumortier’s paper [6]. At the first step, the differentiable 
coordinate change rri is defined by the commutative diagram 
where x,: Six R+ R2, (4, ) ( r H r cos 4, r sin 4) is the polar map, 
T,:S’xlR+S’xR, (&r)~(&~+l). Let X, be the C” vector field on 
C, such that n,,8, =X. If k, + 1 is the order of the first k-jet of Xdifferent 
from zero, one can divide w, by f, = (llxll - l)kl and obtain x, =J; ‘8,. 
Let us now iterate the procedure: if x0 E 2, = 71; ‘(0) is a singularity of 
8,, we translate x0 to 0 and apply the previous construction. In this way 
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7c2 = T-,, 0 n1 and F2 is defined on an open set C, c R2 in such a way that 
rc2*x2=X1. Ifj?(X,)=O, j?“(Xr)#O, we divide xz and obtain B,(x)= 
.f,‘W,W 
A sequence of C” vector fields {Xj}, defined each on an open set 
C, c R*, and of differentiable maps {rcj} is in this way built up. Let 
Zn=(7TIo7c20 ... O?t”)-l (0) c C,; it is possible to restrict the vector field 
X,, to the only connected component A,, of lR’\Z, which has a non- 
compact closure, without loosing information. 
PROPOSITION 1. aA,, c Z, is homeomorphic to S’ and consists of a finite 
number of regular closed C” arcs, which meet transversally. Moreover 
(Xl o ... 0 n,) IA, is a dtffeomorphism, sending A, onto R’\ (0). There exists 
a strictly positive function f,, on A,, s.t. f,, = f,,T,, and XV iA, is diffeomorphic 
to wR2\{0) through the diffeomorphism (n, 0 . . . 0 R,,) I A,. 
PROPOSITION 2. Zf f, F are topologically equivalent in a neighborhood of 
Z,, then X and Y are topologically equivalent in a neighborhood of 0 E R2. 
Let us recall now that a singularity of a vector field XE x(R2) is hyper- 
bolic or semi-hyperbolic if the Jacobian matrix is non-nilpotent. The 
following theorem states that, with the exception of a set of oo-codimension 
in G?(2), any singularity can be decomposed into singularities of this 
simpler kind after a finite number of blowing-up steps. 
DECOMPOSITION THEOREM [6]. Let Xe!x(lR2), X(O)=0 satisfy a 
Lojasiewicz inequality. Then there exists a sequence of blowing-ups 
711 o . . . 0 II,,, leading to r,,, such that the singularities of z,, on aA,, are either 
hyperbolic or semi-hyperbolic; possible non-isolated singularities form closed 
intervals included in aZ,. 
The position and the properties of these singularities only depend on a 
finite jet of X in 0. 
It is possible to generalize the previous construction by weakening the 
requirements made on the map n which defines the coordinate change and 
on the manifold on which the transformed field -8? is defined. Indeed, in a 
lot of cases, it is an unnecessary limitation to choose the polar map rcO as 
a blowing-up; on the contrary it would be more convenient to lit the 
blowing-up on the specific vector field considered. This will be in particular 
the case when one deals with quasi-homogeneous vector fields [3]. 
DEFINITION. For f: R” --) R, let (a I . . . a,,) E N; and k E N be such that 
.f(t*‘x,, . ..> Px,) = t”f (x1 ) . ..) x,), VtER; 
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then f is called a quasi-homogeneous function of type (LX,, . . . . a,,) and 
degree k. 
Let XE x(R”) have the expression X= CJ= i &(a/&,), with fi(.xi, . . . . x,) 
quasi-homogeneous functions of type (~1~) . . . . a,) and degree k + 0~~; X is 
then called a quasi-homogeneous vectorfield of type (a,, . . . . a,,) and degree k. 
We remark that the homogeneous vector fields of degree 1 are quasi- 
homogeneous vector fields of type (1, . . . . 1) and degree k = I - 1. 
Let (cxi, . . . . a,) E fV: and suppose, here and in the following, the aj to be 
mutually prime. It will always be possible to decompose a vector field 
XE x( R”) in a formal series centered in 0 E R”, 
where X, are quasi-homogeneous vector fields of type (a,, . . . . a,) and 
degree j; rF is the first integer such that X, # 0 and is called the order of the 
field X. 
We now focus our attention on plane vector fields. As it is natural to 
transform a homogeneous vector field by means of the polar map x0, 
so, if we are dealing with a quasi-homogeneous vector field of type (a, /I), 
it is possible to introduce, following Ljapunov [8, lo], the quasi-polar 
coordinates 
x=r’CsO 
y = r8 Sn 8, 
(1) 
where the functions Cs and Sn are defined by means of the Cauchy 
problem 
i 
$ Cs(e) = -Sn*‘-‘0 
1 -$ Sn(0) = CS*~- l 0 CsO=l 
\ SnO=O. 
By definition, Sn and Cs are T-periodic functions, where 
(2) 
T= 2a(’ - 2a)Pa 
B 
1/2a 
(1 _ t)(l--2Wa t(l--2iWb’dt; 
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moreover 
fl SnZa 8 + CI Cs*” 8 = ~1. (4) 
The quasi-polar map will be used to generalize the polar blowing-up 
method. The points of R are identified through the equivalence relation 
X- Y if x-y=nT, nfzZ 
and we denote by Sk the set of equivalence classes so obtained. For 
XEX(R*), X(0) =O, let k30 be the order of X with respect o the decom- 
position of type (c(, /I). Then %E x(S k x IX) is the only vector field defined 
by the commutative diagram 
T(S’,x R) 71* TR 2 
P 
I I 
X 
s;x R A R2 
where rc:S~xR+R2 is the quasi-polar map defined above, for 
(0, Y) E S k x R. The map n: is surjective and proper; moreover one has 
7+(o)=s;x 0 { } and the restriction of rr to S$x (R\(O)) is a dif- 
feomorphism onto its image. 
It is possible to divide z by rk. Let 8 be the vector field so obtained; its 
expression is 
qe, r)= 1 ; [Cs 2b l BPj(Cs 8, Sn e) + Sn20L-’ eQj(cs 8, Sn e)] 
j a k 
.rj-k+l a 
5 
+ 1 
j>k 
[Cs OQj(Cs 8, Sn e) -i Sn epj(cs 8, Sn e)] rick -$ (5) 
where we have set 
xj(e, r, = pj(x, Y) Y$ + QjCx9 Y) $. (6) 
We remark that, if ((r, /I) = (1, 1 ), this construction reduces to the polar 
blowing-up with Sn 8 = sin 8, Cs 8 = cos 8, T= 27~ Moreover, as in the 
polar case, one can iterate the procedure, and then Propositions 1 and 2 
are easily proven. 
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EXAMPLE. The vector field 
X(x,y)=y&+x’” 
aY 
is quasi-homogeneous of type (2, 3) and degree k = 1. The divided field is 
expressed by 
X(B,r)=tCs20SnO(Cs3B+Sn20)ri+ 
and so 
Z(e,o)= Cs38-~SnZe 
( 1 
f 
has two singularities in 6 = +BO, where 8, is solution of 
Sn 8, = J$ cs3 e,, cs 8, > 0. 
In such points one has 
ame, 4 
w 
dr 
= sgn(Sn e,), 
and the phase portrait of the field is 
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so that, after the blowing-down, one obtains the cusp singularity first 
studied by Takens [ 123. One might point out how convenient is the quasi- 
polar blowing-up adapted to the singularity with respect to the polar one, 
where three blowing-up were needed. 
In the quasi-polar blowing-up, as in the polar one, the manifold on 
which the transformed vector field 8 is defined is still the cylinder S k x IR. 
This is not however the only possible choice; for instance if one decides to 
use the projective blowing-up [2] in order to retain the algebraic character 
of the procedure and to avoid the introduction of transcendental functions 
in the expression of the transformed field, then the corresponding manifold 
turns out to be the Moebius bundle. 
With these generalizations of the blowing-up method kept in mind, we 
want to give an abstract definition of the main properties stated by 
Proposition 1 and by the decomposition theorem, in analogy with what is 
made in singularity theory of C” functions [3]. 
DEFINITION. A magnification of0 E R* is a pair (M, rc) such that: 
(i) M is a C” 2-dimensional manifold; x: M-r R* is a C” map, 
surjective and proper. 
(ii) let 2=71 -l(O) be the divisor of the magnification; then Z is 
union of one-dimensional manifolds in general position on M. Furthermore 
rc 1 M,Z is a diffeomorphism from M\Z to R*\ (0). 
A desingularization of a vectorfield XE x(R*), X(0) = 0 is a magnification 
(M, n) such that: i 
(iii) if f~ X(M) is the only vector field on M defined by means of the 
commutative diagram 
then for any p E Z there exist a neighborhood U of p and a function f, dif- 
ferent from zero outside Z, such that $? 1 U = f.Y and if X(p) = 0 then p is 
a hyperbolic or semi-hyperbolic singularity of the field X. 
It is naturally possible to weaken’the definition given above by requiring 
that the previous properties hold locally in neighborhoods of Z and OE R2. 
The following proposition is then immediately proven 
PROPOSITION 3. Let (h4, ‘II) be a magnification of OE lR2; let X, 
YE x(R2), X(0) = Y(0) = 0 and X, p the corresponding vectorfields on A4 as 
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defined by means of the previous diagram. Then, if f and y are topologically 
equivalent in a neighborhood of Z bereft of Z, one has that X and Y are 
topologically equivalent in a neighborhood of 0 E KY*. 
2. NEWTON POLYHEDRA AND CONSTRUCTION OF 
THE ASSOCIATED MAGNIFICATION 
In the determination of the qualitative features of a vector field in the 
neighborhood of a singularity, when one analyzes the coefficients of the 
Taylor expansion of the field at the singularity, it won’t always be the best 
choice to decompose the field into its homogeneous terms, with the aim of 
taking into account only the lower degree terms. On the contrary, as the 
example of the singularity of plane vector field y(d/&) shows [12,4], 
terms of different homogeneity degree may have the same weight for what 
concerns the identification of the topological class of the vector field. 
Indeed it was such a remark that led us to introduce the decomposition of 
a vector field into its quasi-homogeneous components. 
We base ourselves on a construction first introduced in algebraic 
geometry and recently used in C” map singularity theory [7, 33. 
Let 
(7) 
be the formal series expansion of XE x( Rn), X(0) = 0. We introduce the 
subset of R”, 
S={(g+~}eN(“l3j s.t. a, # 0} (8) 
and call it the support of the field 3’. 
DEFINITION, (i) The Newton Polyhedron ofX is the convex envelope r 
of the set 
P= u {&+lR:} (9) 
&ES 
where KY!+ = [0, +co)“. 
(ii) The Newton Diagram of X is the union y of the compact faces 
yi of the Newton Polyhedron lY 
(iii) The vector field 
is called the Principal Part of the vector field X. 
505/85/2-l 1 
348 BRUNELLA AND MIARI 
(iv) The vector field 
qi4= i c 
a 
a,#x. - (11) 
‘=I mcy, 
J axj 
is called the quasi-homogeneous component of the principal part X, relative 
to yj. 
EXAMPLE. The vector field on the plane 
X(x, y) = ( y3 + x2y + xy’) & + (xy’ + x2y2 + x3y + x4y) 2 ay 
has Newton polyhedron (polygon) and Newton diagram as shown below. 
The principal part of X is 
XJX, y) = (y’ + x’y, ; + (xy2 + x3y) a 
ay 
and its quasi-homogeneous components are 
X,(x,y)=(y3+x2y)$+xy2~ 
ay 
X,(x, y) = x’y -&+ (xy2 + x3y) g. 
Let us remark that, in this example, two vector monomials x*y(a/ax) 
and xy2(a/ay) are associated to the same point (2,2) E R2. As a rule, to 
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the point (n, m) E R2 there are associated the terms x”y”-‘(8/8x) and 
xn - ‘y”( spy ). 
We will recall now how it is possible to find a magnification (M, 71) of 
OE lR2 adapted to the Newton diagram y of a vector field X on II?, 
X(0) = 0. For details and proofs, even if in a slightly different context, we 
refer to the quoted literature [6, 33. 
Let {(a,, h), . . . . (&bd} b e a collection of k vectors (ai, bj) E ll2: c R2 
with mutually prime integer components, each normal to a side y, of the 
Newton diagram y. 
DEFINITION. A skeleton of simple fan extending the collection {(a,, bj), . . . . 
(uk, 6,)) is a finite collection {(aj, /Ii)};=, of vectors ej= (aj, pi) E R:, 
j = 0, . . . . n, each with mutually prime integer components uch that 
0) eo=(aO,Po)=tLO); e,=ta,,/L)=tO, 1)
(ii) {(al, bl), .. . . (a,, b,)) c {tap P,j)}~=o 
(iii) det(z’: z)= 1, j= 1, . . . . n. 
Condition (iii) of the definition implies in particular that any pair of 
consecutive vectors Bj = { ej- 1, ej} is a base of 27’; the inverse of matrix 
(;I: 7) still has integer elements and furthermore the matrix defining the 
transfbrmation from the base Bj to the base B,, j, 1= 1, . . . . n, j#l, has 
integer elements and its determinant is equal to f 1. It has been proven 
that an extension of the collection {(a,, b,), . . . . (a,, b,)} to a skeleton of 
simple fan always exists. 
Let us now build up the manifold M associated to the skeleton { ej}T=,, 
starting from the transition maps between two local charts on M. To every 
pair Bj= {ej-,, ej} a chart (dj, Vi) on 44, #j: Uj -+ II%‘, PI-+ (xi, yj) is 
associated. The transition map from (dj, Uj) to (d,, U,) is given by 
h,,(x,, yj) = (x4’yy, xpy/d), (12) 
where (xi, yj) = dj(p) for p E Uj and air, b,,, Cjl, djl are defined by 
(13) 
PROPOSITION 4. The set M obtained by glueing the n copies of R* by 
means of the n(n - 1) maps hj/ is an analytic manifold. 
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In order to construct the map 7~: A4 + R2, one expresses Bj = { ej_ 1, ej> 
in terms of the basis {e,, e,} = ((l,O), (0, l)}, 
(14) 
The local representation of rr in the chart (di, Vi) is defined by 
hj(Xj, yj) = (xyyy, x9-IyiB,). (15) 
One can remark that h,:’ is still a monomial map with integer exponents, 
hf’(x, y) = (xply-“j, x-B/-lyai-l). (16) 
PROPOSITION 5. The maps h,: Uj + l%‘, j= 1, . . . . n are compatible and 
define an analytic map 71: M -+ R2, which is surjective and proper. The divisor 
Z = n-‘(O) is the union of circles S’ intersecting transversally. Furthermore, 
x: M\ Z + R* \ { 0} is a diffeomorphism. The pair (M, 7~) is therefore a 
magnification of 0 E El*. 
We remark that locally Z is expressed by 
{Yl =o> in the chart (q5i, U,) 
{Xj=O} U {Yj=O} in the chart (q5j, U,), j = 2, . . . . n - 1 
cG=o> in the chart (d,, U,) 
EXAMPLE. Let XE x(R*), X(0) = 0 be a vector field with homogeneous 
principal part; then a single side normal to the vector (1, 1) constitutes the 
Newton diagram y. So, {e, = (LO), e, = (1, l), e2 = (0, 1)} is a skeleton of 
simple fan extending the vector (1.1). One has only two charts (q5i, U,), 
(d2, 27,) and the transition map is 
This map joins together two copies of R* by glueing the half-plane x1 > 0 
with the half-plane y, > 0, and x1 < 0 with y, < 0 but reversing the orienta- 
tion. The manifold M so obtained is a Moebius bundle. 
In the charts (di, Vi), i= 1, 2, the local representations of K are: 
h,(x,, YI)= (~1~1, Y,) 
h,(x,, ~2) = (~2, xz ~2) 
EQUIVALENCE OF PLANE VECTOR FIELDS 351 
and the divisor Z is expressed by: 
(Y, =Ol in the chart 1 
{x*=0) in the chart 2. 
We remark that the magnification so obtained is related both to the 
directional blowing-up [6] and to the projective blowing-up [2]. 
3. THE MAIN RESULT 
In this section we will show that the magnification (M, rr) is indeed a 
desingularization, which establishes, under suitable non-degeneracy 
hypotheses, the local topological equivalence between a vector field 
XE x(R*), X(0) = 0 possessing characteristic directions and its principal 
part X,. 
A main property of quasi-homogeneous functions is the following: 
if f: R* -+ IF&! is a quasi-homogeneous function of type (~1, /?) and if 
f(xO. yO) = 0, (x,, y,) # (0, 0), then on the curve 
x(t) = XOP 
v(t) = Yd8’ 
te[W (17) 
one has f(x( t), y(t)) = 0. Analogously, a quasi-homogeneous vector field 
possessing a singularity outside (0,O) will have a whole curve of singular 
points. In order to exclude the possibility that such curves of singularities 
do not coincide with the coordinate axes one introduces, here as in C” 
function singularity theory [3], the following 
DEFINITION. Let XEX(R*), X(0) =O; the principal part X, is non- 
degenerate if any quasi-homogeneous component Xj has no singularities in 
(W\ W’. 
PROPOSITION 6. Let r be a Newton Polyhedron with Diagram y and 
P(r) the set of the principal parts of vector fields on R* associated to r. The 
subset of the degenerate principal parts constitute a subset of codimension 1 
in P(r), whose complementary set is open and dense in P(T). 
Proof: Let yj c y be a side of the Newton Polyhedron with extremes in 
(N, m) and (n, M), N < n, M< m, S(X) the support of the field and let 
Xj E 9(rj) = { YE x( R*) 1 S( Y) c rj} have the expression 
xj(x> Y) = ‘lx> Y) Y$ + Qtx? Y) $* 
352 
We set 
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j@= 0 if M=O fi= 0 if N=O 
M-l ifM>l’ N-l if N>l’ 
it is then possible to factorize 
P(x, y) = P(x, y) xNy” 
Qk Y) = &, Y) xfiyM, 
where P and 0 are quasi-homogeneous functions of suitable degree which, 
generically, do not possess zeroes in common. This means that there exists 
Sj c 9(yj), codim Sj = 1, such that, if Xj E ??(yj)\ S,, then Xj does not have 
singularities in (R \ O)*. 
Exploiting this argument for every yj c y one determines the subsets Sj 
and define S = lJj Sj. The conclusion follows. 
In particular the non-degeneracy condition of the principal part X, turns 
out to be a strongly generic property for X, E P(f). 
THEOREM A. Let XEX(R*), X(0) =0 be a vector field with non- 
degenerate principal part X, such that 0 is an isolated singularity of X, ; then 
X is locally topologically equivalent to X, module center-focus. 
Proof The theorem will be proven in the case where the Newton 
Polyhedron is favorable, namely cl(R: \ZJ is compact. In the other case, 
the proof is similar. 
Let y be the Newton diagram of X, with sides yj ordered clockwise. If the 
Newton Polyhedron is favorable, the Newton diagram y is a broken line 
joining two points (N, 0), (0,M) on the axes. Let us expand the vector field 
X in a formal series 
X(x, y) = C rnmxnym-l & + snmxn--ym a, 
ay 
(18) 
(n.mlEr 
where, in particular, r NO=~OM=O, r ,#O, s,,#O and 
(mm, &Im) + (03 0) if (n,m)EYjnYj+l. 
We choose a collection of vectors ((a,, b,), . . . . (ak, b,)}, such that each 
vector (aj, b,) has mutually prime integer components and is normal to a 
side yj of y, and we extend this collection to a skeleton of simple fan. It is 
possible, by possibly enlarging the number of vectors in the skeleton, to 
avoid that two consecutive vectors be both normal to consecutive sides of 
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the diagram y; moreover, we choose the skeleton {ei}lSO in such a way 
that 
el = (fq, PI)= (M- 1, 1) 
e n-l=(a,-,,Bn-l)=(l,N-l). 
(19) 
The magnification (M, z) is associated to the skeleton {ei>lzO and 
XEX(M) is defined by z=rc,X. In the jth chart (qSj, Vi) the vector field 
has the expression 
' (rnmBj-sn*aj)xj ~-(r,,P,,-s,,aj-,)Yj a 
[ aYj 1 3 (20) , 
where 
1 (e,,(n,m))=~j(n-l)+~j(m-l). (21 
Let us introduce the support function t and the trace function T define1 
as 
d 
t:jf+ tj,,:tt,{ (ej3 (4 ml>>, vj= 1, . ..) n - 1 (22a) 
T:jwTj={(n,m)ErI (ei,(n,m))=tj}, Vj= 1, . . . . n- 1. (22b) 
We set t, = t, = 0. It should be clear that t, 3 0, Vj = 1, . . . . n - 1 and that T, 
is either a side yI or a vertex of the polygon. 
It is possible to divide xj by xjP ‘y:: one obtains 
. (rnmIjl-St7,ajJXj ~-(r.,8,‘-s,,ol,-l)y, a 
[ aYj 1 . (23) J 
It turns out to be useful to consider separately the chart (q5,, U,), the 
chart (q5,, U,) and the general case. 
(1) j= 1. In the first chart the divisor Z= z-‘(O) is represented by 
{ yi = O}; by dividing 8, by y:’ one has 
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. (rnmP1 -s,, i az 
a 
%)X1 -++s,mJJ1- 
1 ah I 
Ef qxh, Y,) $+R,,,h9 Yl) a 
1 ah 
and the restriction of X, to {y, = 0} is 
We have to distinguish three subcases. 
(1.1) The point (1, 1) $ y, hence T, = { (0,M)) and 
~l(x,~O)=(r,,Pl-s,,al)~=ro~~: 
1 1 
(24) 
there are no singularities: 
(1.2) The point (1.1) E y and there exists y2 s,uch that (1, 1) E 
{Y, n y2), i.e., (1.1) is a vertex of the polygon F, hence T, = { (0, M), 
(Al)> and 
a 
X,(x,, O)= (roM+ (rllB1 -sll~l)xl) ax. 
1 
(27) 
As TO,,,, # 0, then either R, 1 iy, = 0j has no singularity, or it has a hyperbolic 
singularity at 
x1 = 
- TOM -TOM 
= 
rllBl -sll~l rll-W-lbll’ 
(28) 
If this is the case, the singularity turns out to be hyperbolic for w, too. 
Indeed, 
w y c (-fl,o)=~ll 
1 
and sil # 0 since, by hypothesis, 
a 
X,(x, y) = (TOM y Mp1+rl,x)~+sl,y2 ay 
does not have singularities in { [w \O}‘. 
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(1.3) (1, 1) E y and M = N = 2. The principal part of the field 
(30) 
is linear and 
Moreover 
hlsll - ro2szo # 0. 
(31) 
% (x,, 0)=&T,, +s2ox,. 
1 
(32) 
So, if there exists Xi such that X,(X,, 0) = 0, then 
aXI, 
ay (Jf,,O)fO 
1 
and the singularity is hyperbolic or semi-hyperbolic with center manifold 
locally coinciding with the axis {y, = O}. In both cases, the topological 
kind of the singularity only depends on the principal part X,. 
(2) j = n. This case is discussed in a way completely analogous to the 
previous one. 
(3) 1 <j<n. The divisor 2 is given by {xj=O)u{yj=O}. Now 
again two different subcases are distinguished. 
(3.1) The vectors ejP1, ej are normal to no side of r, so 
Tj-,=Tj=(( j, n mj)}, where (n,, mj) is a vertex of r. One has 
Xj(xj, 0) = C 
(n,m) E T, 
(r,,~j-.9s,,aj) xi<+l~(n~m)>pQ-Ixj & 
I 
(33) 
xji(", Yj) = 
(n,m)E T,-l 
-(r,,fij-, -s,,aj-l) y;q,(n*m))-Q yj g 
J 
= -(r,,,,Bj-,-s”,,,olJ-,)yJ $dgFjyj$,’ (34) 
J J 
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Since (nj, mi) is a vertex, then (Y,,,,, s~,~,) #(0, 0), and since det(;;: z) = 
1 # 0, then (F,, Fj) # (0, 0). Therefore Xj either possesses a hyperbolic 
singularity in 0, or it has a curve of semi-hyperbolic singular points 
(_xi=O} or {y,=O}, in a neighborhood of which the behaviour of the field 
xi only depends on the coefficients of the principal part A’,. 
(3.2) The vector ej is normal to the side yI of the Nexton diagram 
y; then T, = y, and Tjp 1 = { (nj, mj)} c T,. 
One has 
Z,(x,,O)= 1 (r,~~j-'.~4)x:"-'.'",""-"xj~ (35) 
(n.m)Er/ , 
zj,C"> Yj) = -trn,m,Pj- 1 -sn,m,olj- 1) Yj $; (36) 
J 
The study of the singularity (x,, y,) = (0,O) is made as in the previous case. 
If on the contrary there exists Zj # 0 such that Xj(Xj, 0) = 0, we evaluate 
Let us now suppose that the radial eigenvalue at (Zj, 0) is zero; the system 
of two equations in the variable Xj, 
X/.(X,, 0) = 0 
aq, (38) 
F (%j, O)=O? 
J 
is equivalent, if fj#O, to the system 
where X, = P,,,(a/ax) + Q,,(a/ay) is the quasi-homogeneous component of 
the field X associated to yI. 
Since W -&, a,-, -q) = 1 # 0, the only solution of the system is 
(40) 
against the non-degeneracy hypothesis, as (%?-I, 29-l) E (R\O)2. In this 
case too the singularities are either hyperbolic or semi-hyperbolic with 
center manifold locally coinciding with the { y,=O} axis and radial eigen- 
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value different from zero. The same conclusion obviously holds if ei- i is 
normal to a side yr, of y. 
What we have proven up to now guarantees the local topological 
equivalence between 2 and fA in a neighborhood of any point of the 
divisor Z. If all singularities of F on Z are in the points of transversal inter- 
section between the componentys S1 of Z, locally expressed by xj = y, = 0, 
j = 2, . . . . n - 1, then X and X, are both center-foci. If the points of trans- 
versal intersection do not exhaust the singularities of X, then X posseses 
characteristic orbits and the glueing Lemma [6] guarantees the topological 
equivalence between 2 and FA in a whole neighborhood of the divisor Z. 
The result then follows by means of Proposition 3. 
4. THE QUASI-HOMOGENEOUS CASE 
In order to show to what extent a side of the Newton diagram associated 
to a plane vector field is sufficient for the determination of the topological 
class of the field, we focus our attention on a single quasi-homogeneous 
component of the principal part. Concerning this component, we will 
strengthen the hypotheses by requiring that it has no singularity in 
addition to the origin. 
The technique of the proof will differ from the one used in the previous 
sections: the desingularization of the vector field will not be carried out 
through the construction of the manifold associated to the Newton 
polyhedron, but by means of the quasi-polar map defined in Section 1. 
Indeed, the desingularization associated to the Newton polyhedron takes 
into account the various quasi-homogeneous components of the principal 
part of the vector field, allowing to glue the different coordinate trans- 
formations associated to them, avoiding in this way the iterate procedure 
of Section 1. Nevertheless, the method does not permit an easy translation 
of the phase portrait opbtained on M into R*. When one limits oneself 
to a single quasi-homogeneous component, a better strategy consists in 
choosing the coordinate transformation leading to a desingularization 
within the class of the transformations uited to this component. 
THEOREM B. For XE x(R2), X(0) = 0, if there exists a quasi-homo- 
geneous component X, of the principal part X, such that 0 is an isolated 
singularity of X,, then, in a neighborhood of 0 E R2, 
(i) if X, has characteristic orbits or it is a focus, X is topologically 
equivalent to X, ; 
(ii) if X, is a center, X is a center or a focus. 
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Proof: Let (LX, /?), k be the type and the degree of quasi-homogeneity of 
the quasi-homogeneous component 
By means of the quasi-polar blowing-up of type (II, fi), and recalling the 
expression of the divided field given by (5), one has 
x(6, r) = L [Cs2p-1 BP(Cs 6, Sn 0) + Sn*“-’ 6Q(Cs 6, Sn @)]r + O(r’) 
a 
z 
+ Cs 6Q(Cs 6, Sn 0) - f Sn BP(Cs 8, Sn 0) + O(r) i 
zf (FFl(6, r) + Co(r’)} -$+ {X.70(0, r)+ Lo(r)} $ 
(42) 
On the divisor S ‘, x { 0} the field is 
X(6,0) = 
[ 
Cs 6Q(Cs 6, Sn I!?) -i Sn BP(Cs 9, Sn 0) 1 (43) 
and the radial eigenvalue is given by 
- 
z (6,0)=! [Cs 28-1P(Cs 8, Sn 0) + Sn2’+%Q(Cs 19, Sn e)]. (44) 
Let us suppose that there exist a 0 such that X(0,0) =O, 
(iZ#r)(d, 0) = 0; as 
det &2”- 1 
( 
a cs 0 -/?SnB 
B cs2fi-10 > 
=aCs2pB+/?Sn2dB=a#0, (45) 
the system 
a Cs 0 
Sn”+‘B (46) 
has the only solution Q(Cs 8, Sn 0) = P(Cs 6, Sn 0) = 0, against the 
hypotheses. So, if X(0,0) has singularities, the topological equivalence 
follows by means of the same arguments in the conclusion of Theorem A. 
Otherwise, X, and X both are center-foci. 
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Let us evaluate in this last case the Poincare return map in a 
neighborhood of the limit cycle S ‘, x {O}. For XT one has 
r- (6 r) def =-E-L- = F(e)r; 
X7,(0, r) 
while. for X, 
WA4 r) = -= F(8)r + Co(r’). 
X0(0, r) 
(48) 
We look for a solution of Eqs. (47), (48) in the form 
r(0) =fi(@ + 0(c2) (49) 
with r(O)=&. With this position one finds 
(dr),,>= (r(T)-r(0))xF= (ejoTF(‘)d’- l)& 
(dr)B=(r(T)-r(0))R=(eJ~F(r)dr-1)&+0(E2). 
(50) 
If X, is a focus, then j,TF(t) dz #O: for E< 1, (dr),, and (dr)x have the 
same sign and therefore X is locally topologically equivalent with X,. 
Remarks. (1) As a particular case, if XEX(R*), X(0) = 0 and X, has 
a homogeneous component of degree k - 1 (regarded as quasi-homogeneity 
degree of (1, 1) type) such that 0 is an isolated singularity, then X is locally 
topologically equivalent to j:(X), modulo center-focus. 
(2) If x, is quasi-homogeneous, Theorem B is equivalent to 
Theorem A. 
5. SECOND ORDER EQUATIONS 
Although the non-degeneracy hypothesis is a generic property, there do 
exist vector fields of chief interest which do not satisfy it. This is in par- 
ticular the case for vector fields defining some second order equations, 
whose relevance in physics is obvious. In what follows we state that the 
conclusions of Theorem A hold even in this degenerate case. An explicit 
finite classification of the singularities of such equations will also be found. 
Let us be given a vector field 
360 BRUNELLA AND MIARI 
with f(0, 0) = 0, and let f have in (0,O) a formal series expansion 
f(x, y) = 1 LQx’y-‘. (52) 
i, i 
Let k=min{jEN 1 ujO#O}, h=min(j~Nu{+03} IujP1,i#O}; we 
require k < co in order to avoid that X 1 iV =01 be a-flat in 0. We set for 
shortness a=~,,, b=uh-, 1. 
The principal part X, consists of one or two quasi-homogeneous com- 
ponents according to whether h 3 (k + 1)/2 or h < (k + 1)/2, respectively. 
Indeed one has 
X,(x, y)=y ;+uxk a ay if h>y (53a) 
X,(x, y) = y 2 + (uxk + bxhP ‘y) ; if h=y (53b) 
X/,(x, y) = y & + (uxk + bxhP ‘y) $ if h<y. (53c) 
In the first two cases X, satisfies the non-degeneracy hypothesis, so that 
the conclusions of Theorem A hold; on the contrary in the third case X, 
is always degenerate, since y = -(u/b)x k ~ h + ’ is a curve of singularities for 
X2(x, y) = (uxk + bxh-’ y)(a/dy). When one tries to use the techniques of 
the proof of Section 3 in this last case, one possibly meets with the 
appearance of semi-hyperbolic singularities on the divisor Z, with center 
manifold transverse to Z. 
In spite of this, making use of the iterated quasi-polar or polar blowing- 
up and of the standard tools in the analysis of the singularities of vector 
fields, we have the following: 
THEOREM C. Let us be given X(x, y) = y(a/ax) +f(x, y)(a/ay),f(O, 0) = 0 
and suppose that 0 is an isolated singularity of jr(X). Then X is locally 
topologically equivalent to X, , modulo center-focus. 
The proof of the statement is direct, so we do not exhibit it; moreover 
it is constructive, in that it permits to determine a finite classification of the 
singularities of vector fields defining second order equations. This classifica- 
tion is reported in the Appendix, according to the indexes k, h and to the 
values of the coefficients a, b. One can remark that the center-focus appears 
only in the cases (53a), (53b), i.e. when X, is quasi-homogeneous. We 
cannot however distinguish between a center and a focus as in Theorem B, 
because in these cases simple symmetry arguments how that X, is always 
a center. From the listed classification one sees in particular that there exist 
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only eight distinct classes of topological equivalence [4, 51, if one recalls 
that a stable or unstable focus is topologically equivalent to a sink or a 
source, respectively. 
saddle sink Source center 
stable saddle-node unstable saddle-node cusp tangle 
APPENDIX 
Classification of the phase portraits of vector fields defining second order 
equations, in a neighborhood of a singular point, according to the indexes 
k, h and to the values of the coefficients u, b. 
(1) h > W + 1 l/2, ~,,(x, Y) = y(Wx) + axk(a/dy) 
k even 
Y Y 
a>0 a<0 
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k odd 
a>0 ai0 
(center-focus) 
(2) h > (k + 1)/2, AT,, =y(d/dx) + (ax“ + bxh- ‘y)(d/i$) 
h even 
a>0 a<0,b2+4ah<0 
a<O,b>O 
b2+4ah20 
a<O,b<o 
b2+4ah>0 
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h odd 
a>0 a<O, b2+4ah<0 
a-co, bz0 
b2+4ah>0 
a<O, bt0 
b2+4ah20 
(3) h > (k + 1 J/2, X, =y(a/ax) + (axk + bxh- ‘y)(a/ay) 
k odd, h odd 
a<O, b-c0 a-=zO, b>O 
505/85/Z-12 
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a>0 
k odd, h even 
Y 
a-co, b<O a-co, b>0 
Y 
x 
a>0 
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k even, h odd 
a>O, b<O 
a<O, b>O a-co, b-c0 
k even, h even 
365 
a>O, b>O a>O. b<O 
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a<O, b>O a<O, b<O 
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